Numerous observational papers on crack populations in the material and geological sciences suggest that cracks evolve in such a way as to organize in specific patterns. However, very little is known about how and why the self-organization comes about. We use a model of tonsilelike cracks with friction in order to study the time and space evolution of norma1 faults. The premise of this spring-block analog is that one could model crustal deformation for long time scales assuming a brittle layer coupled to a ductile substrate. The long time-scale physics incorporated into the model are slip-weakening friction, strain-hardening rheology for coupling the two layers, and randomly distributed yield strength of the brittle layer. We investigate how the evolution of populations of cracks depends on these three effects, using linear stability analysis to calculate the stable regimes for the friction as well as numerical simulations to model the nonlinear interactions of the cracks. We find that we can scale the problem to reduce the relevant parameters to a single one, the slip weakening. We show that the distribution of lengths of active cracks makes a transition from an exponential at very low strains, where crack nucleation prevails, to a power law at low to intermediate strains, where crack. growth prevails, to an exponential distribution of the largest cracks at higher strains, where coalescence dominates. There is evidence of these different length distributions in continental and oceanic nomtal faults. For continental deformation the strain is low, and the faults have power-law frequency-size distributions. For mid-ocean ridge flanks the strain is greater, up to an order of magnitude higher than the continental strain, and faults have exponential-like frequency-size distributions. No theory has been offered to explain this difference in the distributions of continental and mid-ocean faults. In this paper we argue that they are indicative of different stages of evolution. The former faults are at an early stage of relatively small deformation, while the latter are at a later stage of the evolution. For high strain the faults reach a saturation regime with system size cracks evenly spaced in proportion to the brittle layer thickness. We asymptotically approximate the time space evolution of faults as a long time-scale phenomenon, thereby avoiding modeling the short time-scale earthquakes. We show that this assumption is valid, which implies that the faults that ereep and faults with earthquakes display the same time and space evolutions.
L INTRODUCTION
Geologists have known for over 40 years and materials scientists for somewhat less that if a brittle layer on a plastic substrate is stretched, a state will eventually be reached in which the layer contains system sized cracks that are evenly spaced, with a spacing proportional to the layer thickness. The explanation for this saturated case is trivial: each crack is spaced to avoid the stress relaxation zone of its neighbor, the width of which scales with layer thickness [1] . The deeper question, addressed here, is how does the system evolve from its initial uncracked state to this saturated state.
Geologists have recently observed that the populations of faults (shear cracks) often exhibit power-law length distributions [2, 3] ' It has been suggested that this fault size distribution is what gives rise to the same kind of distribution long observed for earthquakes and known as the Gutenberg- In that spirit we propose a model that explores the different distributions observed during the evolution of a population of cracks as a function of strain. Introducing certain simplifications and assumptions to the problem effectively determines which mechanisms we consider important in producing such behaviors. We assume there are only a few key ways in which the nonlinear interaction of cracks takes place. Agreement of our results with observations makes the case for their importance. The model we introduce in this paper simulates an upper brittle layer coupled to a ductile substrate. We describe a two-dimensional quasistatic system where cracks nucleate and evolve in the brittle layer in response to the deformation of the ductile layer. The displacement field is given as a scalar field in the direction of stretching. The scalar displacement field models tensile cracks. The underlying assumption is that the stress interactions of tensile cracks are similar to those of normal faults. This can be argued by noting that in the planar view the stress field around the tips of a normal fault (mode ill shear crack) are exactly symmetrical to those of tension cracks. Although the stress in the case of normal faults is due to shearing, whereas in the case of tension cracks it is due to tension, the interaction of these symmetrical fields around cracks is what we are interested in captoring. The physics determining the behavior of the system stodied here may be summarized as follows.
(a) The friction law of the cracks. lbis model mimics faulting on the crust In order to get localization of strain an important physical mechanism is slip weakening, which renders an already cracked surface weaker than before and thus more likely to slip again as more strain is loaded into the system. The crack tips have a much higher stress concentration than the area around them and the crack propagates as a response to further extension of the bottom layer. The slipweakening function used in this paper is modeled as an initially linear decay of yield strength of the brittle material. We use linear stability analysis to stody the parameter space of slip weakening, and we find a wide range of values for which the system is stable. lbis parameter space has a second variable, the rheology of the ductile layer, which is the next physical parameter in the problem.
(b) The constitutive law of the two layer inteiface. In the case of this model we study two-dimensional (20) growth of cracks that are as deep as the top layer. The ductile substrate is simulated as a plastic layer with strain hardening. However, as we will see, we will be able to scale this part of the problem out (c) The heterogeneity of the brittle layer. The crust can be thought of as a brittle layer of variable yield strength due to imperfections or variations such as inclusions, prior ruptores, variable material composition, etc. lbis disorder is modeled here as a randomly distributed initial yield strength threshold of the brittle layer. lbis aspect of the model resembles previous work done by Colina, de Arcangelis, and Roux [12] using an electric analog of a layer of fuses coupled by resistors to a bottom layer where a uniform electric field was imposed. They varied the heterogeneity introduced in the system and looked at the effects it produced to their system. Similarly we also observe that the number of cracks obtained for a given strain depends on the disorder. For very homo-PHYSICAL REVIEW E 65 056105 geneous systems and at low strain, slip localizes mostly on large evenly spaced cracks, while for more heterogeneous systems at the same strain, slip gets distributed over a range of sizes of cracks.
Given these parameters, we found that the growth of populations of cracks is characterized by three regimes as a function of strain, which have three distinct crack size distributions. Initially, as the system is strained, we observe an increasing number of new cracks. lbis regime is dominated by the heterogeneities, and leads to an exponential distribution. lbis is the nucleation regime. With further stain, when the slip weakening effects become comparable to the disorder, the cracks begin to grow, and the distribution approaches a power law. This is the growth regime. As strain continues, more cracks are coalescing to form longer cracks than there are cracks nucleating, and therefore the number of active cracks begins to decrease. The power law becomes distorted, with the largest cracks approaching an exponential distribution. lbis is the coalescence regime. Finally, for even higher strains the system organizes into the maximum number of cracks it can hold for any additional strain. lbis is the satoration regime. At this stage the cracks have grown into a pattern of long arrays that are spaced apart proportionally to the depth of the brittle layer, with the largest cracks having an exponential distribution. Figure 1 is a simulation using the above model, which shows a snapshot of a network of cracks in the planar view at increasing strain. In the sections to follow we study these populations and explain their interaction mechanisms.
We have organized the sections as follows. In Sec. II we describe the model. Section ill has the numerical results and the stability analysis with Sec. IV briefly comparing these results to observations. The last section contains our conclusions.
II. THE MODEL
We want to study the problem of the crack population formation and its evolution on a brittle layer that is driven on the bottom by an extending layer. First, the lower plastic layer is extended by a small amount That in tum strains the top layer whose equilibrium requirement is satisfied when the total stresses applied to it are lower than its yield strength. If at any point on the brittle layer the yield strength is exceeded, a crack is allowed to form with slip opening h. The crack accumulates slip until the stress on it satisfies the boundary condition, in other words the stress is less than its yield strength. Once that condition is satisfied, the system has reached quasistatic equilibrium. It gets driven by additional extension applied to the bottom layer, and the process repeats itself. Figure 2 shows a schematic representation of the discretized model. It is a two-dimensional system of spring blocks with the x and y dimensions scaled by the thickness of the top layer. The resolution in the plane can be effectively changed by varying the spring constants kx and k y • All lengths in the problem scale with L, the width of the brittle layer. We therefore approximate the 30 problem as a 20 problem. It is reasonable to expect that the in-depth slip profile of cracks is important in examining their growth rates and their shapes. The representation of the vertical stress by 056105-2 TRANSITION REGIMES FOR GROWING CRACK ... - the leaf springs is an approximation of the fracture energy G of a crack growing in three dimensions. Of course, this function oversimplifies the rheological behavior of real material interfaces, which is much more complicated but has no known analytical form.
Another simplification in the model is the use of a scalar displacement in the direction parallel to that of the loading. This is an acceptable first-order approximation to the displacement field for the case of uniform extension. An important ingredient of this model is the dynamics introduced through the slip weakening friction law. The slip weakening law drives much of the localization of strain on the surface and that, in turn, leads to avalanches of cracking events [13, 14] . The effects of this friction law will be further analyzed in the following section. Another feature of this model is the coupling of the top layer to a bottom layer through the propagation resistance stress. While we have posed the problem so that we can study different rheologies, we will focus here on the small disorder limit where the different rheologies can be effectively scaled out of the problem.
The dynamic 2D scalar model for the brittle layer we examine is given by the Klein-Gordon equation
where u is the displacement, t is the time, x and y are the perpendicular directions, U is the displacement of the lower ductile layer, c is the wave speed, and L is the brittle layer depth. The first three terms are from the wave equation, our scalar approximation of the linear elasticity of the stress in the horizontal direction. The last term is a linearized approxi-056105-3 mation of the stress in the vertical direction that couples the two layers. The bottom layer has a constant (homogeneous) strain boundary condition, (2) We use periodic boundary conditions in the x and y directions.
We want to study the problem of crack growth, which has a much larger time scale than that of wave propagation, (i.e., earthquakes will not be treated in this paper). Therefore, we hypothesize that the propagation and organization of faults are long time-scale phenomena, which can be approximated by letting the wave speed, i.e., the speed of earthquake propagation, approach infinity. Separation of these two time scales, where c->oo, gives the following Poisson problem:
In order to study the originally proposed model of a brittle layer dtiven by an elastic bottom layer, we must construct the top layer with brittle properties. This will be very simply described by introducing a yield strength threshold boundary condition. The yield strength is constructed as
where a>O and m>O. We define h to be the integrated strain across a discontinuous boundary, which is given as the following limit:
In the case where there is no crack, the yield threshold is just given by <l>o(x,y) as a random distribution of strength. In the case where there is a crack, the yield strength includes a slip weakening friction law with no time healing where <l>o(x,y) is the stuchastic part of the function given at t= O. Our choice of the slip weakening function for the strength of the material is meant tu capture the essential physics, though it is a huge simplification of all that occurs in material failure. The biggest simplification is that here we consider fracture energies associated ouly with interfaces, while there are bulk effects associated with process zones [3, 15] and plastic deformation [16] , which may be important as well. Our main justifications for our simplification is that the slip weakening is generally considered a central component of the breakdown process, and that it makes the problem much more tractable and computationally efficient, and captures well the observations, as we will see. Moreover, it is only a linearization of the slip weakening that dominates the model behavior we examine here.
The equations of motion are symmetric with respect to the addition of a constant to U and <I> 0, so only differences in PHYSICAL REVIEW E 65 056105 the values of u are relevant to the dynamics of the system. The parameter m determines an effective rheology in the coupling of the two layers. For small h we can simplifY the equation of the yield strength by incorporating the strain hardening rheology in a. Therefore, we can study a collective effect in the slip weakening parameter by defining a =a-m, (6) an approximation of Eq. (4) valid to the linear order. For small h, we could drop the denominstor altogether, but we keep it here in Eq. (6) so as to keep the strength formulation physical for all values of h. Thus, we can write the boundary condition along a cracked interface in static equilibrium as (7) where the stresses on that point have to be equal to or less than the yield strength. If the stresses at any point exceed the yield threshold, then the crack slips more until the boundary condition is satisfied. In this paper we show that these effective parameters alone can capture many of the most interesting features of crack networks. The next point we have to address is how h gets updated. We assumed that the cracks relax to a quasistatic steady state faster than the loading rate, " and that ahl at does not affect the way the cracks will develop and their organization. We test this hypothesis numerically, and in the following section we show that it holds true.
To discretize the model, it is conveuient to make a change of coordinates. We consider the variable W'j=u'j-U 'j representing the displacement of the upper layer relative to the lower layer evaluated at each node; a crack, when it forms, is taken to reside at the center of the node and has the opening h Ij at that node. Thus, the displacement just to the right of a crack of width h ij is u~=wij+hi/2+Uij while the displacement just on the other side is uij=wij-h i /2+ U ij . In these variables, the equation of the model is
with;= l->Nx andj= l->Ny; N x and Ny are the number of grid points in the x and y directions. This is the discrete version of Eq. (3) with k x =1I.1x 2 , k y =1I.1y2, k z =lIL 2 . The square lattice used here for the scalar field of the displacement introduces an inherent anisotropy to the model. However, this effect is rather inconsequential in the realm of this study since we have tensile straining of the material, which is in itself auisotropic, leading to surface cracks that propagate mostly in the direction normal to that of the extensional force. (9) where n is the relaxation step of the time scale of earthquakes. There are various ways of updating h. Here we present two different functions for calculating tlhij. One way is to compute it as a percentage of the stress drop and the other is to compute it as a constant step increment.
or (11) p takes a value from 0 <p < 1 and is a percentage of the stress drop. Naturally the question to ask is: how do the results depend on the two choices of functions? As we will see, they do not.
III. RESULTS AND ANALYSIS OF THE MODEL
In this section we shall discuss the linear stability analysis as well as present the results obtained by isolating and combining the parameters, treating first the irrelevant, and then the relevant parameters to the dynamics. 
<1>0 does not appear in the equation since it is a first-order term that satisfies the boundary condition of the mean displacement. Linearizing the equation of a Fourier mode exp (-kxX+ikyy+Ot) we get a dispersion relation of PHYSICAL REVIEW E 65 056105 
For stability we need 0 to be imaginary, i.e., a 2 <k; + lIL2. When cracks nucleate, the wave number ky is very large, so the restriction on a is easily satisfied, whereas for very long cracks ky approaches zero and in order to keep the stability we must have a< lIL 2 • This imposes an upper bound for a. A lower bound is given from the fact that for the slip weakening to localize strain, it must at least beat the strain hardening rheology. This means that iii -m > 0 and therefore, 0 < a< lIL 2 • In the following simulations we have set L == 1, without loss of generality, in which case the bounds on a are O<a<1. We distinguish between two types of parameters: those that are irrelevant or can be scaled out, and those that remain relevant. We look at each in turn.
B. Irrelevant parameters
For large enough systems, the system size is irrelevant. For the distribution of breaking strengths, we let <l>o(x,y)
where ~ is a random number between 0 and 1. For small disorder, when g~ 1, a number of parameters can be scaled out. First, we will see a number of regimes as strain is increased, but all of them, for g small, occur when h ~ 1. Thus, the earlier approximations of absorbing the rheology into a is valid, and we only need to consider the one parameter a for the strength evolution. A second scaling can be made to remove g itself: by dividing the strain increment above <I> 0 by g, we get the brittle strain excess e == ( vt -<I>o)/g which then collapses the effective loading for g ranging over many orders of magnitude. Figure 3 illustrates this result through the overlay of a number of curves with different values of g. Figure 3 shows the fraction of active sites as a function of e, for g ranging from 10-5 to 10-
Number of cracks per unit area as a function of strain, e, for four different cases of updating the slip displacement h at each strain step. The relaxation is done using slow increments of the displacement h such that the total stress on the crack is less than its yield threshold. For the first two cases, we let the increments be a fraction of the stress above threshold; these cases are shown by the two thick lines, with the solid line having a smaller fractional increment compared to the dashed line. For the other two cases, we take constant 8h strain opening steps; here again the solid thin line has a smaller increment relative to the dashed thin line. Observe that the curves all basically overlay.
Active sites are the sites that have broken recently. We consider sites that have broken recently, as we are interested here in what part of the network is currently accommodating strain. For all cases we observe the following: at the beginning the fraction of active sites increases with elastic strain. This indicates that initially nucleation is the dominant process. When the slip displacement on the crack is big enough for slip weakening to become comparable to the disorder, the slip weakening begins to dominate, and the slip localizes so that the number of active sites starts to decrease; this is the growth regime. The system then transitions to a regime of coalescence of cracks where the rate of coalescence dominates that of the nucleation. Eventually, the fraction of active sites asymptotes to the saturated regime where we get cracks that are evenly spaced about one layer thickness apart. These four regimes are central to the behaviors for the general parameter space of the model, and we will return to them when we later examine the distribution of sizes of cracks.
Grid resolution does not play a role at the large scales, and we find stable distributions of crack sizes for sufficiently resolved grids. Event dynamics, through the relieving of stress via the updating of h, is also irrelevant. most identical. This means that the details of ahl at are not important for relaxing the system to its quasistatic equilibrium within each loading step. This validates our hypothesis that we can study the growth of faults in time and space without necessarily modeling the earthquakes. Faults that grow by earthquakes and faults that creep, all else being equal, have indistinguishable spatial properties. Thus, we are left with one fundamental relevant parameter, the net slip weakening a.
c. Slip weakening
The linear stability analysis above shows that the equation for the crack evolution has a stable regime for a between 0 and 1. In the case of a = 0, we expect to get no localization of deformation into cracks. The dynamics are controlled solely by the randomly distributed yield threshold at t= 0, so each site will crack according to that distribution and the slip localization on the cracks remains uncorrelated. For the case of a = 1, we have marginal stability where a crack could grow for very small strains. The crack will keep weakening the more it slips since its friction is a function of the slip displacement. For a> 1, it will be unstable in the sense that there will be no quasistatic equilibrium solution of h such that the boundary condition is satisfied. We get a runaway crack as the more it slips to satisfy the threshold condition the more it weakens. As a-+O, Figs. 5(e) and 5(t), the deformation does not localize, and we do not get a full spectrum of sizes of cracks.
Before continuing, we should mention how we define a crack. We take a crack to be the network of all the nodes that have touching neighbors. We can vary the allowed neighbors as either the four nearest nodes or only the two collinear nodes in the direction of propagation. So, if two crack tips are offset by one grid point in the diagonal [e.g., (iJ) and ( i + 1 J + 1)], they are not counted as one crack but as two separate ones. We also keep track of one other feature of crack openings, which is when it last opened. In this way, we can distinguish between active and inactive sites. This is important, because as strain accumulates, more and more sites are cracked, and we eventually run into a percolationlike behavior if we consider the connectivity of all sites that have ever cracked. This leads to sensitivity in how we define connectedness and cracks. If, instead, we consider only the sites that have broken recently, we find well behaved distributions of cracks, which are insensitive to choices (such as how re- cently they have broken). Thus, when we speak of cracks, we speak of connected elements that have broken within the last time (equivalently strain) interval ae. Figure 6 shows the fraction of active sites as a function of the elastic strain as we vary a. Active sites are the sites that have broken recently. There are four data sets altogether, showing different values of a. We see, as described before, four different regimes, the nucleation, the growth, the coalescence, and the saturation. As a decreases, we observe that the maximum fraction of active sites increases while it shifts towards larger strains.
Let us now examine the distribution of active crack sizes in the different regimes. Here we use a fixed value of a, a = 0.2. Figure 7 shows the distribution of crack lengths, plotted on a log-linear scale, for small loading. We see exponential distributions of lengths for the very smallest loading, with slopes decreasing as the fraction of active sites increases. Towards the end of this regime, we see crack lengths exceeding the extrapolated exponential distribution, as the upward curvature indicates. These distributions approach a power law, as Fig. 8 shows, plotting now on a log-log scale, for the full range of loading. Here we see the exponential distributions for low loading falling off, then the approach to a power-law, with slope around -2, indicated by the dashed line. At the highest values of strain, the largest sizes appear to asymptote, approaching a bump on this plot, while the smaller sizes remain power-law-like, though somewhat diminished in number. Figure 9 probes this largest size distri-056105-7 0 . 7 , -------, ----, ---------, ----, ---------, ------- 
IV. COMPARISON WITH DATA AND A PHYSICAL MODEL
Geologic data from normal faults show the main features we have discussed in the paper. Fig. l1(a) shows data from the surface of Venus where normal faults were radar imaged during the Magellan mission in 1989 [17] [18] [19] . SAR mapping of 1750 faults on the low plains of Venus, which have undergone extension, reveals a clear power-law scaling of frequency-size distribution with an exponent of -2.02. The resolution of that image was 70 m per pixel and the scanned area was about 10 4 km 2 • The total strain for the Fig. l1 (a) dataset is calculated to be around 1 %. Figure 11 (b) is a log-linear plot of the frequency-size distributions of normal faults sonar imaged from the flanks of mid-ocean ridges. Two different strains are shown, namely, 5% and 10%, the second being an order of magnitude larger than in Fig. l1(a) . The distributions observed here are clearly exponential. This is a distinct regime in the fault growth, which would correspond to the coalescence regime of our model. Recently, we have demonstrated the strain transition from power law to exponential fault distributions in a single geological site [21] . Finally, Fig. l1(c) shows the distance between tensile cracks as it scales with the thickness of the bed they are in. The two kinds of points indicate two different rock types, and they both show a linear scaling. This graph corresponds to the saturation regime where we observe that the system size cracks about a thickness layer apart.
Finally, in a physical model in which tensile cracks form in a thin clay layer stretched on a rubber sheet, we observed the same crack population history as Fig. 3 , together with the corresponding transition from power law to exponential size distributions [22] .
V. CONCLUSIONS
In this paper we have shown that a model with only slipweakening instability, strain-hardening rheology, and ran- 10·~----------------------------------- < u< I, a complex population of faults emerges.
The model offers a new way to look at the evolution of populations of cracks. Three regimes are observed with increasing strain. At very low strain, the cracks are short, the crack population is dilute, there is very little interaction amongst the stress fields around them, and disorder dominates. The distributions here are exponential, with the scale of the exponential changing with increasing crack density. With additional extension, the cracks propagate in the direction normal to the direction of extension. Disorder and weakening compete, and the distribution of sizes of cracks is characterized by a power law. Quly at the beginning do cracks grow solely by propagation of their tips, because they soon start to interact with other cracks. The stress field interactions shield unfavorably positioned cracks, which no longer accumulate slip or grow in length, and also inhibit nucleation of new cracks. As the population of cracks self-organizes, cracks begin to coalesce, shifting the main process of growth from propagation to coalescence. Their stress fields merge to form larger stress-free zones of trapped, dead cracks. The coalescence of the cracks as a result of the higher strain signifies a transition in the organization of the cracks to a regime in which the largest cracks have an exponential dis- tribution. As the cracks grow longer, shadow zones extend over a distance that scales with the depth of the brittle layer. The system reaches the maximum number of cracks allowed according to the stress interactions, i.e., satoration, characterized by eveuly spaced system sized cracks. All tbree regimes are observed in natural systems, and in a physical model.
The model also suggests that, all other things being equal, faults that creep and faults that have earthquakes evolve in the same way. This is because the fault growth interactions occur with the accumulated strain, not strain increments. Therefore, we need not model earthquakes in order to study fault dynamics and fault interactions. Separating the two time scales of the problem is a valid approximation. Finally, the regime characterized by power laws occupies ouly a portion of the phase space of this system, although this is the portion most commouly observed for faults and earthquakes.
